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1. Introduction 



The discovery of atmospheric muon neutrino oscillations by the large 
Superkamiokande detector [1] implies that neutrinos are massive particles. 
This experiment has also strengthened the interpretation of the solar neu- 
trino problem in terms of oscillation phenomena [2]. The results of atmo- 
spheric neutrino experiments can be explained by v„ — ► v T oscillations with 

[3] 

bm\ tm ~ (1.5 - 6) • 1(T 3 eV 2 and A Atm ~ 0.82 - 1.0, (1) 

whereas solar neutrino experiments can be interpreted as result of the v e — ► 
v x (x = (J,, t) transition [4] with 

Sm 2 sun ~ (0.5 - 0.8) • 10~ 10 eV 2 , A sun ~ (0.72 - 0.95) (2) 

in the case of vacuum oscillation (VO), 

Sm 2 sun ~ (0.5 - 1) • 10- 5 eV 2 , A sun ~ (2 - 10) • 10" 3 (3) 

in the case of small mixing angle (SMA) MSW transition [5], and 

5m 2 un ~ (0.16 - 4) • 10- 4 eV 2 , A sun ~ (0.65 - 1.0) (4) 

in the case of large mixing angle (LMA) MSW transition. Finally, let us 
also mention that the LSND data can be accommodated if [6] 

SmlsND ~ (0-2 - 2) eV 2 and A LS nd ~ (0.3 - 4) • 10~ 2 . (5) 

There is a vast literature exploring models of neutrino oscillations which 
can accommodate only two (atmospheric + solar) or all three (atmospheric 
+ solar + LSND) anomalies. Most of them try to understand why atmo- 
spheric and solar neutrino oscillations require near maximal mixing (Eqs. 
(1) and (2)). Both are possible in the context of three nearly-degenerate 
neutrinos or in see-saw models with a neutrino mass hierarchy [7]. Sce- 
narios with additional sterile neutrino(s) where all three anomalies can be 
explained are also investigated [8]. 

Here we study the simplest extension of the Standard Model (SM) with 
a single right-handed neutrino (RHI model). Since the Higgs sector is not 
touched, the neutrino mass matrix has four parameters. This simple matrix 
has two zero eigenvalues and we are not able to explain all three anomalies. 
Four different masses are needed to do that. So, we put the permanently un- 
settled LSND result aside and investigate in full detail solar and atmospheric 
anomalies in this model. The diagonalization and mixing matrix obtained 
here can be used as a first step for diagonalizing the two (RH2) and three 
(RH3) right-handed neutrino SM extensions. There a full description of the 
neutrino data will be possible [9]. 
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2. Model with one right-handed neutrino singlet 

In the SM with one Higgs doublet and one extra right-handed neutrino 
singlet v\r the neutrino mass matrix has the form 



M„ 



/ a \ 

6 

0c 

V a b c M ) 



(6) 



in the basis [ye.L^u.L^rL-J'xi)- In this case CP is conserved [10] and all 
parameters can be assumed to be real and positive (a,b,c,M > 0). The 
matrix M v is diagonalized 



U T M U U = diag (0, 0, m 3 ,ni4) 



by the unitary transformation 



(7) 
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(13) 



The two massive neutrinos have opposite CP parities and the non-zero 
masses are function only of M and K/M. If A <C M, the traditional see-saw 
mechanism works. This case with M greater than 1 GeV or even than Mz 
(heavy neutrino singlet) has been discussed in [11, 12, 13]. 7774 is then ~ M. 
However, we are not interested in such a case since we need much smaller 
777,3,4 masses to be able to explain simultaneously the small mass squared 
splittings dictated by solar and atmospheric results. Two different scenarios 
are possible in this simple model, in scheme I 7773 <C 7774 and in scheme II 
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Scheme I 



Scheme II 
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Fig. 1. Two possible neutrino mass spectra which can describe the oscillation data 
in the RHI model. 

77J3 — m 4 (Fig.(l)). Since two masses are zero, the absolute scale of the 
neutrino mass spectrum is constrained and 7713,4 fixed, in contrast with the 
general case where all neutrinos can be massive [14, 15]. Eq. (1) requires 



0.038 eV < 7774 < 0.078 eV 



(14) 



in both schemes. Once 7771,2,4 are determined, 7773 is fixed by Sm^ un (Eqs. 
(2-4)). Hence, we are really interested in quite small M (A) values ranging 
in the milielectronvolt scale. Let us note that these masses do not solve the 
dark matter problem. Two further remarks are in order. First, the small- 
ness of the neutrino masses compared to other known particles implies no 
problem with non-oscillation experiments. For example, the number of neu- 
trino species measured by LEP1 is N u = 3 (four neutrinos are produced in 
Z decay) [11, 12, 13]. Second, the Heidelberg-Moscow limit on the effective 
neutrino mass, < m u > ee = U^ mi < 0.2 eV from the non-observation of 
the neutrinoless double beta decay [16], is automatically fulfilled. < m u > ee 
is the element (1,1) of M v in Eq. (6) which is equal to zero. 

3. Oscillation probabilities and study of the model 

Let us apply the probability of the flavour changing a — ► (3 neutrino 
transition in vacuum, which is a function of the travelling distance L, 



P a ^(L) = <W " E { AR % sin2 A ^b - 21% sin 2A afe 



a>b 



(15) 



where 



R. 



*af3 



Re 



U aa U/3bU* b Up a 



rab 
l af3 



Im 



U aa Uj3bU* b Uf) a 
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and 

A ab = 1.27Sml b (eV* L (M 



£7 (GeV) ' 
to both mass spectra. 

3.1. Scheme I 
In this case the oscillation probability reads 

P a -+p - <W - (4(i?^ + Rf p + Rfp) sin 2 A atm + 4(J?g, + flg) sin 2 Agun , 

(16) 
where 

A atm ~ A 43 ~ A41 = A 42 and A sun ~ A 3i = A 32 . 

For L = L a tm = (20 -r 10 4 ) km, A a tm 3> A sun and the second oscillation 
term in Eq. (16) has no time to develop. The oscillation of atmospheric 
neutrinos is then described by 

P a ^f3 {L atm ) =* <W - A{Rf p + R% + R%) sin 2 A atm . (17) 

On the other hand, at the solar distance scale L = L so i ar ~ 10 8 km the 
first oscillation term is averaged, sin 2 A atm — ► ^, and the flavour changing 
probability is 

P a ->l3 {Lsoiar) — V~af3 ~ 2(R a + Paf3 + R a p) ~ ^{Paf3 + ^a/?) Sm ^stm. (18) 

Now, it is straightforward to find the relevant oscillation probabilities. For 
atmospheric neutrinos we have: 

P u ^ Ue {Latm) ^ sin 2 2cp sin 4 C sin 4 9 sin 2 A oim , (19) 

P Vli ->v T {Latm) - sin 2 99 sin 4 ( sin 2 26* sin 2 A atm , (20) 

P^-^ (-Latm) - sin 2 ( / 9sin 2 2Csin 2 6'sin 2 A atm , (21) 

and 

P u ^^{L a tm) m l-4sin 2 (^sin 2 Csin 2 e (22) 

(OOO 00 o\o 

cos if sin £sin + sin £cos + C os C ) sin A a tm- 

Whereas for solar neutrinos the oscillation probabilities are: 

Pv^vy. {L so i a r) - sin 2 2ip sin 4 9 ( - sin 4 ( + cos 2 ( sin 2 A sun j , (23) 

P Ve ->„ T {Lsoiar) - cos 2 (p sin 2 29 ( - sin 4 C + cos 2 C sin 2 A sun j , (24) 

P Ue ->v s {L S oiar) - n cos2 V sin2 2 C sin 2 0, (25) 
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and 

P Ue ^u e {L so iar) ^1-2 cos 2 ip sin 2 9 

sin £ ( sin 93 sin £ sin + sin £ cos # + cos £ J 

+ 2 cos 2 C (sin 2 99 sin 2 9 + cos 2 6>) sin 2 A sun . (26) 

Since 7714 3> 771,3, 

sinC«cosC~l. (27) 

The oscillation parts of P v& ^ v and P Ue ^ UT for solar neutrinos, Eqs. (23) 
and (24) respectively, are proportional to cos 2 £ . Depending on the angles ip 
and 9, the mixing can be large or small, so any solution (Eq. (2), (3) or (4)) 
is possible. Unfortunately, the probabilities for atmospheric neutrinos (Eqs. 
(19-22)) are proportional to sin £ and very small. Then, it is impossible to 
explain the observed atmospheric neutrino anomaly in this scheme. 

3.2. Scheme II 
In this case 7713 ~ 777,4 and 

Pa^p (L atm ) ~ 5 aP - 4 (R^p + R% + Rf p + Rf p ) sin 2 A atm (28) 

for atmospheric neutrino oscillations, and 

P a -+fi {Lsoiar) - <W - 2 (flg, + R% + R^ + R^) - AR% sin 2 A sun (29) 

for solar neutrino oscillations. These probabilities reduce for the specific 
transitions to 

i\_u, e (Latm) - sin 2 2y?sin 4 f9sin 2 A atm , (30) 

Pv ll -^v T (Latm) - sin 2 (y9sin 2 26'sin 2 A atm , (31) 

Pu^u 3 (Latm) * 0, (32) 

Pve^Uy. (Lsoiar) - „ sin2 2i P ^ ° ( 1 ~ o Sin2 2( ^ Sln2 AsMn ) ' ( 33 ) 

Pv e ->v T (Lsoiar) - „ COs2 ¥> sin2 20 ( X ~ o ^ ^ ^^ ^ SUn ) ' ^ 



and 



P Ue ^u s (Lsoiar) - cos 2 </? sin 2 2( sin 2 6* sin 2 A sun (35) 

^7,-^ (Arfm) - 1 - (sin 2 2(/? sin 4 + sin 2 ip sin 2 26H sin 2 A atm , 
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(36) 
P Ue ^u e \Latm{CHOOZ)) - 1 - (cos 2 (p sin 2 26 + sin 2 2^9 sin 4 9 J sin 2 A atm , 

(37) 

P Ue -*u e (Lsoiar) — 1 - -(sin 2 299 sin 4 6> + cos 2 99 sin 2 26>) 

— cos 99 sin 2£sin #sin A sun . (38) 

Since the non-zero masses are nearly degenerate, the mixing angle (, is almost 
maximal 

sin£ ~ cosC ~ —/=■ (39) 

V2 

The CHOOZ reactor experiment [17] constrains P Ve ^ Ue (Eq. (37)), 

cos 2 99 sin 2 29 + sin 2 299 sin 4 6 < 0.18 for 5m 2 > 0.9 • 10~ 3 eV 2 , (40) 

and the Superkamiokande experiment P^, _»„ (Eq. (36)), 

0.82 < sin 2 299 sin 4 6> + sin 2 99 sin 2 26* < 1. (41) 

Both restrictions are satisfied if COS99 ~ and sin2# ~ 1. However, in this 
case the solar neutrinos do not oscillate (Eq. (38)). This means that bi- 
maximal mixing for solar and atmospheric neutrinos is not possible in the 
RH1 model. Although recent Superkamiokande data favour vacuum long- 
wavelength oscillation of solar neutrinos, this can not be explained with 
only one extra right-handed neutrino singlet. However, the deficit of solar 
neutrinos can be also described by the SMA MSW transition (Eq. (3)) 
and all present observations (without LSND data) can be then accommo- 
dated in this minimal SM extension. Indeed the CHOOZ (Eq. (40)) and 
Superkamiokande (Eq. (41)) constraints are also fulfilled if cos 99 ^> and 
sin2# <C 1. In this case (see Eq. (38)) 

A sun ~ cos 4 99 sin 4 9 (42) 

satisfies Eq. (3). For example, cos 2 99 = 0.17 and sin 2 # = 0.35 verify Eqs. 
(40) and (41), implying 

A sun = 0.0035 (43) 

which lies within the SMA MSW limits. The mixing angles determine the 
mixing matrix in Eq.(8) 

v e = +0.91^i + 0.33^2 + ^0.17^3 + 0.17^4, 

VvL = -0.41^1 + 0.73^2 + ^0.38^3 + 0.38^4, (44) 

u T = -0.59^2 + iO.57^3 + 0.57z/ 4 , 

v s = — iO.71^3 + 0.71^4, 
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and Eqs. (1) and (3) are fulfilled by the neutrino masses 

m 3 = 0.05477 eV, m 4 = 0.05482 eV. (45) 

These eigenvectors and eigenvalues are obtained from the M u entries (Eq. 
(6)) 

a = 0.013376 eV, b = 0.02953 eV, c = 0.04418 eV, M = 5 • 10" 5 eV. (46) 

In this model contrary to what happens in the popular see-saw mechanism, 
the right-handed Majorana mass term M is much smaller than the Dirac 
masses a, b, c. 

4. Conclusions 

The RHl model seems to be too simple to explain the observed neutrino 
anomalies. The popular bi-maximal solution for the atmospheric and solar 
anomalies can not be realized in this model, neither the dark matter problem 
can be solved. Although not favoured, only the small mixing angle MSW 
transition for solar neutrinos and the maximal neutrino mixing oscillation 
solution for atmospheric neutrinos can be accommodated. The model which 
is the simplest SM extension, will be definitively excluded if the favoured 
'just so' mechanism for solar neutrinos persists. 
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